LINEARIZATION OF NONLINEAR DYNAMIC

SYSTEMS

Qnd

homework

Author: Emilia Szymanska

31.10.2020r.

1 Second-order differential equation

A nonlinear second-order differential equation of our interest is described as:

G2 + 39(t) + y(t)e2® = 1.

1.1 Linearization

To linearize the given equation around the operating point defined by yo = 1, following operations need to be done:

e establishing a function

e determining all steady state values

e calculating partial derivatives

e using Taylor series to determine linear equation

f9,y,u) = iy? + 3y + ye® — 1,

Yo = lay0207y0 :O,UQZO,
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Ay + 3Ay + Ay + 2Au = 0.



1.2 Transfer function

The next step is to determine the transfer function G(s) = %, where Y (s) = L(Ay(t)) and U(s) = L(Au(t)). If Laplace

tranform is applied on equation [8], we obtain:

s%Y (s) +3sY (s) + Y (s) = —2U(s). (9)
After some tranformations: 5
= . 1
G(s) s24+3s+1 (10)

1.3 Simulations

Linearized and nonlinear models have been created using Simulink.

uf*

==

0.75

Plu) [
Py =2

Figure 1: Nonlinear model.
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The input of the system is ug + A(t)u, where the function Au(t) is shown in the figure [3].
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Figure 2: Linearized model.
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Figure 3: Function Au(t).

The response for both nonlinear and linearized systems are presented respectively in figures [4] and [5].
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Figure 4: Nonlinear system’s response.

Figure 5: Linearized system’s response.

An error in linearized model in the steady state occurs as the systems differ - if we look at steady state equations of

both systems:

AyO = _2Au0a
1
Yo = e2uo’

then we see that they are not equivalent.
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1.4 Further analysis

By replacing all derivatives with 0, we obatin the stationary value of the linearized system as shown in the equation [11].
The slope of that output at time instant ¢ = 0% s is in fact the solution of the following formulas:

-2 —2(s+2)
Y = . = - 2 — = V- 1
() = Gls) - Uls) = g7 £ 1) (2 + 35 + 1)s3 (13)
. . . . . —2(s+2)
A7) = Bim Ag(t) = lim s7¥(s) = lim s (2 + 35+ 1)83 (14)

By adding an additional scope block in Simulink, the following plot for Ay is obtained:
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Figure 6: Linearized system’s output’s slope.



2 Fluid storage system

2.1 Differential equations

Default system parameters:

* ¢ = 30",
o A1 = 2m2,
~|r] q, _
o A2 = 3m2, I 4
Tank 1 ] Tank 2
_ 2
e A, =0.001m?, ) H H :
o A, =0.002m2, A Tl 2| a,
.. ¢ 1! X | rFr~""""""1 o4
o Ay = 0.001m2, = DR ot —
g 1Agz
o p=1000%%,
e H=10m,
o g=9811%.
Let’s assume, that:
ay = AolP 2.9’
as = AoZp 297

Ay = Avp\/@~

Then the equations describing the system have the following form:

Asphy(t) = qi(t) — arn/ha(t) — sgn(ha (t) — ha(t)) - apai(t)

|hi(t) — ha(t)],

Asphin(t) = sgn(ha(t) = ha(t)) - awpmi(t) /T (D) — ha(D)] — azy/Ra(D).

In the stationary state hig > hag:
a’x?
hao = ——"2—h19 = bhio,

=37 5
asz + azry

2
q;
a2 + 2a1a,2i0V/1 — b+ a2a? (1 —b)’

hio =

2.2 Linearization

To linearize the given equations around the operating point defined by z;0 = 0.2, following operations need to be done:



e establishing functions

A1Pfi1(t) = qi(t) — a1vhi(t) — sgn(hi(t) — ha(t)) - avz; (t)V/ |h1(t) — ha(t)| = fi(ha, he, x;),

Aspha(t) = sgn(hi(t) — ha(t)) - avpzi(t)\/[h1(t) — ha(t)] — asv/ha(t) = fo(ha, ho,2;),

e determining all steady state values
Ti0 = 1, h10 = 95111, h20 = 036587

e calculating partial derivatives

5fr 1 1
ohy |, a12\/h10 av2\/h1o—h2ox0 !
5fy 1
O 0 = 0.1465 = ko,
Oha |, ¢ QVhlo*hmxo ?
5
Jfl — —an/Tno — hag = —13.3952 = ks,
iz o
0 fo 1
02| 0 = 0.1465 = ky,
ohy |, . 2vh1o —h2ogcO !
df2 1
—_— = —Qy—F—=Tj0 — 7:73.80822147,
Shal, 2o —hao 2vhao i
5
% = ay\/h1o — hao = 13.3952 = ke,
il

e using Taylor series to determine linear equation
kllAhl (t) = klAhl (t) + szhl(t) + kgAZL'i(t),
kQQAh:Q (t) = kasARhq (t) + k5Ah1(t) + k@Al’i(t),

where kll = Alp7 ]{722 = Azp

The state variables of the model are Ah;, and Ahs, while the input is Ax;.
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(26)

(27)

(31)

(32)



2.3 Transfer function

The next step is to determine the transfer function G(s) = gtgi;, where Hq(s) = L(Ahy(t)) and X;(s) = L(Az;(¢)). If

Laplace tranform is applied on equations [31][32], we obtain:

kiisHy = ki Hy + koHo + k3 X, (33)
kQQSHQ = ]{i4H1 + ]415H2 + kGXi. (34)
After some tranformations:
kook koke — ksk —40186s — 49.05
G(s) = 22K38 + Kake 3K5 S (35)

o k11k2282 + (*k11k5 — kggkl)s + k1k5 — k2k4 - 600000052 + 12365s + 6.0059 '

2.4 Analysis of the fluid height difference

To determine the fluid height difference in the first tank in steady state between the linearized mathematical model and
the nonlinear mathematical model for a step input signal Axz;(t) = 0.055(t), we can:

e calculate h,0 for z;9 = 0.25 for the nonlinear system

2
q,
i — 9.1215, 36
at + 2ara,xi0V1 — b+ a2a? (1 —b) (36)

hio =

2 2
2“1;“31'02

3,7 s
aztayxi,

where b =

e calculate h1gp + Ahig for Az;y = 0.05 for the linearized system (after obtaining the static equation)

koke — ksks
Ahig = Az;o—————— = —0.4083 37
10 50 oexks — foakis ) (37)
hio + Ah1g = 9.5111 — 0.4083 = 9.1028, (38)
e calculate the difference between the obtained values
hnonlinear - hlinearized = 0.0187m. (39)

2.5 Simulink models

On the next page, developed Simulink models for nonlinear and linearized system can be found.
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Figure 7: Simulink model for nonlinear system.
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Figure 8: Simulink model for linearized system.



2.6 Simulations

On the figure below, the response of the fluid height in the first tank for both linearized and nonlinear models with the
input signal Az;(¢t) = 0.055(¢ - 200) has been plotted.
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Figure 9: Comparison of systems’ responses.

Below the steady state difference between responses of linearized and nonlinear model is plotted. It can be seen that
it is consistent with the analytical result obtained in point 2.4.
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Figure 10: Plotted difference.
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