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1 Assignment [1]

A closed-loop control system is described by the following block diagram:
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Figure 1: Closed-loop system

Regulators used in the assignment and their corresponding transfer functions are summarized below:
o PL: Ggr(s) = Kr(l + 75),

o PID (ideal): Gg(s) = Kr(1+ 7 + Tps),

e PID (real): Ggr(s) = Kr(1+ ﬁ + 1?%35)

1.1 Parametrizing a PI regulator with respect to r(t)

We assume the following substitutions:
e Gr(s) = KR(l + ﬁ%

o Gi(s) =

2
1.5824s+1"°

o Ga(s)

_ 1
T T.5s+1°



The error signal with respect to a step reference signal r(t) needs to be calculated:

E(s) = R(s) = Y(s), (1)
GRr(s)G1(s)Ga(s)
E(s) = R(s) — R(s), 2
) = ) T GGG ?
1
s) = R(s), 3
(s) 14+ Gr(s)G1(5)G2(s) (s) (3)
1 1
E(s) = - (4)
1+ Kp(1+ ﬁ) 1.5322+s+1 7.5§+1 §
1
E(s) = ; (5)
s+ Kg(s + T%) 1.5522-|—s+1 7.5i+1
1
E(S) = 2KR(S+%I) ) (6)
S+ 1125550718 5541
B(s) = 11.255% 4+ 95% + 8.5s5 + 1 )
11255 4 953 4 8.55% + (1 + 2Kg)s + 2548~
E(S) o 11.25T183 + 9T182 + 8.5T]8 + T[ (8)
 11.25T7s% 4 9Ty s3 4 8.5T1s2 + (1 + 2Kg)Trs + 2K’

Obtained E(s) has a form F(s) = Cozoci;j:fjr;sszil and is of the 4th order. Therefore, the ISE criterion has the form:

C%(—d%dg + dodldg) + (C% — 20163)d0d1d4 + (C% — 20062)d0d3d4 + C%(—d1d421 + d2d3d4) (9)
2dody(—dod% — d2dy + d1dad3)
Partial derivatives need to be calculated and equated to zero. The solutions can be found with the script presented

at the end of this assignment. There are two solutions: for Kr = 14.926 and T; ~ 18.006 the model doesn’t act as a PI
regulator, so the values Kr ~ 1.417 and T} = 8.484 are the ones we were looking for.

I3 4 =

1.2 Simulation of behaviour

The behavior of the closed-loop control system from the subtask [1.1] with the reference signal r(t) = S(t) and the
disturbance signal z(t) = S(¢ — 60) was simulated. The obtained control signal u(t) and the output signal y(t) were
plotted on the same figure.
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Figure 2: Comparison of u(t) and y(t) of the system.

1.3 Parametrizing a PI regulator with respect to z(t)

We assume the following substitutions:

[ ] GR(S) = KR(l + ﬁ),

* Gi(s) = 5t
o Ga(s) = 7.5i+1'

The error signal with respect to a step reference signal z(t) needs to be calculated:

E(s) = -Y(s),
G (s)
E(s) = — A
A B IAB AR
( ) _ 7.5i+1 }
1 2 1 ?
14+ Kr(1+ 75) t57rs71 75571 °
B(s) 1552 +s+1 1
S) = — o
(1.5s% + 5+ 1)(7.55 + 1) + 2Kp(1 + 75) s
2
B(s) = 1.5Tys% 4+ Tys + Tt

11.25T7s* + 9Ty s3 + 8.5Tys% + (1 + 2K ) Tys + 2K g



Obtained E(s) has a form E(s) = °°:lroj_il';++°j_;12n71 and is of the 4th order. Therefore, the ISE criterion has the form:

C%(—d%dS + dodldg) + (C% — 26103)d0d1d4 + (C% — 26002)d0d3d4 + C%(—dldi + d2d5d4) (15)
2d0d4(—d0d§ — d%d4 + d1d2d3)
Partial derivatives need to be calculated and equated to zero. The solutions can be found with the script presented

at the end of this assignment. There are three solutions: for K ~ 2.379, 1T ~ 1.137 and Kr =~ 10.191, T ~ 0.937 the

model doesn’t act as a PI regulator (is unstable), so the values Kp ~ 1.732 and T} & 4.186 are the ones we were looking
for.

I3 4 =

1.4 Simulation of behaviour II

The behavior of the closed-loop control system from the subtask [1.3] with the reference signal r(t) = S(t) and the

disturbance signal z(t) = S(t — 60) was simulated. The obtained control signal u(t) and the output signal y(t) were
plotted on the same figure.
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Figure 3: Comparison of u(t) and y(t) of the system.

1.5 Comparison of both behaviours

The results from subtasks [1.2] and [1.4] are presented below so that one figure shows the outputs signal from the process
y(t) and the other figure shown the control signals u(t).



o5 Comparison of u(t) of two Pl versions
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Figure 4: Comparison of inputs.
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Figure 5: Comparison of outputs.

The regulator parametrized with respect to reference signal r(t) has a smaller settling time with respect to the reference



signal and The regulator parametrized with respect to disturbance signal z(t) has a better compensation of the disturbance.

1.6 Ziegler-Nichols method

A PI and an ideal PID regulator need to be parametrized by using the Ziegler-Nichols method based on the stability
margin. Therefore, Gg is substituted with P element (Kg) and the open-loop system has to be analyzed using Nyquist
criterion:

29Kp

G0) = T35 7 95 7855 7 1 (16)
GUw) = 73505 —Qsif; Y 85jw 1 (17)
GUw) = 735703 —2;22 857w+ 1 (18)
GUw) = g0 ]jgfia T 11.2502) (19)

Gy = 2L 9 — (85 — 11.252) 0

(1 —9w?)% + (w(8.5 — 11.25w?))2

The value of gain for which permanent oscillations are produced in the closed-loop system needs to be determined,
therefore from Nyquist criterion:

2K pw(8.5 — 11.25w?) 34
e w=0orw= 4/ 21
(1—9w2)? + (w(8.5 — 11.25w2))2 A T 1)

For w =0, Re{ G(jw)} = 2Kg. It would have to be equal to -1 if we wanted to have the system on the edge of stability,

Im{G(jw)} =0 <—

but Kx has to be positive, so we cannot take this value. For w = /32, Re{ G(jw)} = %;(R. It would have to be equal

to -1 if we wanted to have the system on the edge of stability, so it can be calculated that Kz = 2.9. At the end we obtain
Kggr = 2.9 and Ty, = %’T ~ 7.2285. Therefore, using Ziegler-Nichols rule, the following parameters are obtained:
e PI regulator: K = 0.45K gk, = 1.305, T = 0.85T}, =~ 6, 1442,

e ideal PID regulator: Kr = 0.6K gy, = 1.74, T = 0.5T}, ~ 3.6143, Tp = 0.12T}, = 0.8674.

1.7 Real PID regulator

The ideal PID regulator parameterized in task [1.6] is expanded with a small time constant T, = 0.157p = 0.1301 so that
a real PID regulator is obtained:

(22)

Grls) = 1.74 <1+ 1 0.8674s >

3.6143s * 1+ 0.1301s



1.8 Simulation of behaviour III

The behavior of the closed-loop control system with a PI regulator from subtask [1.6] and with a real PID regulator from
task [1.7] with the reference signal r(t) = S(t) and the disturbance signal z(¢) = S(t — 60) was simulated. The output
signals y(t) were plotted on one figure and the control signals u(t) on the other figure.

It can be seen that PID regulator better deals with compensating the disturbance and has a smaller settling time but on
the other hand has a bigger overshoot and demands more energy put into the system than PI regulator.
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Figure 6: Comparison of u(t).



Comparison of y(t) of Pl and PID
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Figure 7: Comparison of y(t).

1.9 Matlab script & Simulink model

close all;
clear all;

Tt lotoh ot tototolololo ottt totololo oottt tototoloTo oottt totoloTolo oottt totoloTo Too ottt toToTo To lo o o %o %o To

sim_time = 100;
r_steptime = 0;
r_delta = 1;

r_initvalue = 0;

zZ_steptime = 60;

z_delta = 1;

z_initvalue = 0;

max_step_size = 0.1;

BTt Totototo ol lo Toto oo ToTo 1o 0o o Tolo to 0o s %o fo To 1o 06 %o o To 1o 1o o o o o 1o 06 4o o o 1o 16 5o o o o 1o 9o o o o o o s o
BT Th DTNl bbb oo oo o to o oo b oo o o to To s o to Yo o 0o To 1o 06 T 1o o fo T 0o o 1o

% PI element vl - derivatives
syms T_I K_R

d_0 = 2%xK_R;



1 = (1 + 2%xK_R)*T_I;
2 = 8.5%T_I;

3 = 9%T_I;

4 = 11.25%T_I;

0 = T_I;
1 = 8.5%T_I;

2 = 9%T_I;

3 = 11.25%T_1I;

I_4 = (c_372%(-d_0"2%xd_3 +d_0*d_1%*d_2) +(c_2"2-2%c_1%c_3)*d_0*d_1*d_4 + (c_1"2-2%xc_Oxc_2)*d_0*d_3*d_4 +
c_072%(-d_1*d_4"2 + d_2*d_3*d_4)) ...
/(2xd_0*d_4*(-d_0*%d_3"2 - d_1"2*%d_4 + d_1*d_2*d_3));

dT_I = diff(I_4, T_I);

dK_R = diff(I_4, K_R);

S = vpasolve([dT_I == 0, dK_R == 0], [T_I, K_R], [0+1e-10, inf; O+le-10, inf;]);
K_R1 = double(S.K_R(1));

K_R2 = double(S.K_R(2));

T_I1 = double(S.T_I(1));

T_I2 = double(S.T_I(2));

Tt loToTo To To To To To To To To To To 1o 1o 1o 1o 1o 1o 1o 1o 1o 1o o o %o %o %o o

% PI element vl - figures
K_r = K_R1;

T_I = T_I1;

T_D = 0;

T_V = 0;

sim(’modell’);

figure (1) ; hold on;

plot(ans.t, ans.y);

plot(ans.t, ans.u);

grid on;

xlabel (’time [s]’);

ylabel (’output’);

legend (Py(t)?, ’u(t)’);

title(’PI with respect to r(t)’);

figure(3); hold omn;
plot(ans.t, ans.y);

figure (4); hold on;
plot(ans.t, ans.u);
b I Ib NI TN T T T T I T T ThT BT b T T b bbb T TATb ThIb ThTb TAT TATb b7
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%PI element v2 - derivatives

syms T_I K_R

d_0 = 2%xK_R;
d_1 = (1 + 2*K_R)*T_I;
d_2 = 8.5*%T_I;



d_3 = 9*%T_I;
d_4 = 11.25*%T_I;
c_0 = -T_I1;
c_1 = -T_I;
c_2 = -1.5xT_I;
c_3 = sym(’0%);

I_4 = (c_372%(-d_0"2%xd_3 +d_0x*d_1*d_2) +(c_2"2-2%c_1*c_3)*d_0*xd_1*d_4 + (c_1"2-2%xc_O*c_2)*d_0*d_3*d_4 +
c_0"2x(-d_1*d_4"2 + d_2*d_3*d_4))...
/(2*xd_0*d_4*x(-d_0*d_3"2 - d_1"2*d_4 + d_1%d_2*d_3));

Q

—3

]
I

diff(I_4, T_I);
dK_R = diff(I_4, K_R);

S = vpasolve([dT_I == 0, dK_R == 0], [T_I, K_R], [0+le-10, inf; O+le-10, inf;]);
K_R1 = double(S.K_R(1));
K_R2 = double(S.K_R(2));
K_R3 = double(S.K_R(3));

T_I1 = double(S.T_I(1));
T_I2 = double(S.T_I(2));
T_I3 = double(S.T_I(3));

Dl hhhhttothtolohhhthtethhhohhthththhhh®hththhhhhhhhthhh

% PI element v2 - figures
K_r = K_R2;

T_I = T_I2;

T_D = 0;

T_V = 0;

sim(’modell’);

figure (2); hold on;

plot(ans.t, ans.y);

plot(ans.t, ans.u);

grid on;

xlabel (’time [s]’);

ylabel (’output’);

legend (’y(t)’, ’u(t)’);

title(’PI with respect to z(t)’);

figure (3); hold on;
plot(ans.t, ans.y);

figure (4); hold omn;
plot(ans.t, ans.u);

Dl hhhhhtothtolohhhhthtethhlohhhttthhhh®hththhhhhhhhhhh
Tt T koo loToToToTo To To To To To To To To 1o 1o 1o 1o 1o 1o 1o 1o 1o 1o o %o %o %o o o

% comparison of vl and v2

figure(3); hold on; grid on;

xlabel (*time [s]’);

ylabel (’output’);

legend (’with respect to r(t)’, ’with respect to z(t)’);
title(’Comparison of y(t) of two PI versions’);
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figure (4); hold on; grid on;

xlabel (’time [s]’);

ylabel (’output’);

legend (’with respect to r(t)’, ’with respect to z(t)’);
title (’Comparison of u(t) of two PI versions’);

Tt ool Tl ToTo To To To To To To To To To To To 1o 1o 1o 1o 1o 1o 1o 1o 1o 1o 1o %o %o %o %o o

% PI element v3
K_r = 1.305;
T_I = 6.1442;
T_D = 0;

T_V = 0;

sim(’modell’);
figure (5); hold omn;
plot(ans.t, ans.y);

figure (6); hold on;
plot(ans.t, ans.u);

% PID element
K.r = 1.74;

T_I = 3.6143;
T_D = 0.8674;
T_V = 0.1301;

sim(’modell’);
figure (5); hold on;
plot(ans.t, ans.y);

figure (6); hold omn;
plot(ans.t, ans.u);

figure(5); hold on; grid on;

xlabel (’time [s]’);

ylabel (’output’);

legend (°’PI regulator’, ’PID regulator’);
title (’Comparison of y(t) of PI and PID’);

figure(6); hold on; grid on;

ylim([-2 21);

xlabel (’time [s]’);

ylabel (’output’);

legend (°’PI regulator’, ’PID regulator’);
title(’Comparison of u(t) of PI and PID’);
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Figure 8: Simulink model.
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